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ABSTRACT
The purpose of Propagation Delay technique is to retrieve high frequency portion of absolute tip—tilt from a Laser
Guide Star by observing the fired artificial beacon just from the laser projector. This technique can relax the
requirements on absolute tilt retrieving from other schemes, such as, for example, a fainter Natural Guide Star in
the same isoplanatic field, thus increasing the Sky Coverage factor.
Simulations made under Matlab—Simulink and IDL software tools show some improvement in absolute tilt retrieving
that can justify the efforts in carring out this technique for an increase in Adaptive Optics efficiency.
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1. PROPAGATION DELAY THEORY
The starting point of this technique is the use of a coaxial laser projector, responsible for making the LGS on the
Sodium layer' (altitude 95 km) within the imaging telescope. The upward path of the laser beam being diverted
by the same turbulent layers (from the telescope mirror up to about 20 km of altitude) — that are to be measured
by wave—front sensing — it is impossible to retrieve directly the absolute tilt3 .' Some conclusions were exposed in
papers on the behaviour of the LSG spot movement as it is seen back from the tip—tilt sensor.2 In particular, if we
call 9(t) the real tilt evolution at the instant t and at a medium altitude h, the centroid of the LGS as seen by the
telescope shows a tiny departure (t) from the optical axis that is

(1)

where tpD 5 the delay time of the light to and from the top of turbulent layers at altitude Ii and the Sodium layer.
This delay is near to the time scale of the tilt evolution, and it is the basic principle of Propagation Delay (PD
hereafter) technique. Therefore, the next step to retrieve absolute tilt may be an integration, that has to become a
sum because of the sampling time t requested by the tilt detector.
After a time of Zt the tilt evolution can be written as:

O(t + zt) 0(t) + /Oj, (2)

where n = Lt/ t is the number of samples performed during t. Each measurement of A will be performed with
an error of a, and, if we assume these errors incorrelated, the total error at the end of the sum may be proportional
to the square root of the integration time zt, so that we can write

a cc V'. (3)

Because of a simplification in the involved model for atmospheric turbulence, we can expect a slightly different
conclusion when we consider a more complex model, with more different turbulent layers. In particular we expect
that the total error will be given by such a relation

(4)
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2. ATMOSPHERIC TURBULENCE MODELS
Now we will analise some important assumptions that were made before starting model simulations. These assump-
tions regard the atmospheric turbulence model taken into consideration to retrieve a starting series of valid data for
the real absolute tilt enabling us to carry out the relevant simulations.

2.1. The four turbulent layers model
In order to reconstruct the real movement of the laser spot in the Sodium layer caused by the upward tilting of the
beacon, we considered a model that could summarize the effects of all the turbulent layers.
Roggemann et al.5 developed such a layered—atmosphere model, in which the whole turbulence is condensed in four
turbulent layers at different altitudes and fully characterized by different values of the Fried parameter r0. In their
paper they propose some different models, from which we chose the SLN—C model, representing a fit to the U.S. Air
Force Maui Optical Station night data. In Tab. 1 the values of altitudes and the corrispondent ro are shown.
To construct the real tilt of the laser spot we used an IDL routine, based on the inverse Fourier transform of a
given function that simulates the Kolmogorov spectrum; in this routine are involved the four different values of r0
for the four different layers and some other important parameters that are the diameter of the projector telescope
(Dp 0.4 m) , the wavelength considered (A = 0.5pm) , the inner scale and the outer scale of the turbulence
(respectively 0.005 m and 100.0 m), the sampling frequency (1000Hz) and the wind speed (40 m/s).

The values considered give a value of propagation time delay that is tpD 0.59 ms (assuming an average altitude
of 95 km for the Sodium layer as it is explained in the next paragraph).

Altitude [kmj r0 [m} Contribution
Layer 1
Layer 2
Layer 3
Layer 4

0.2 0.157 49.6%
2.0 0.164 46.2%
10.0 0.846 2.9%
18.0 1.52 1.3%

All layers h 1.55 0.103 100%

Table 1. The four atmospheric layers for the SLN—C model.5

The four atmospheric turbulence tilt data are summed up by a simple Matlab procedure — which is a numeric
realization of the equation 9tot i order to produce the data which emulate 100 seconds of real absolute
tilt, that is the real angular movement of the LGS spot. These data are stored (as single precision floating point
numbers) into the file "Theta_tot.mat" , to be used later as a source for reconstruction models.

2.2. Simplification about the waist of a LGS
Another simplification regards the waist model for a Sodium LGS. Thompson and Gardner6 measured a Sodium
density profile that shows a column abundance centered at about H = 95.1km and decreasing for higher altitude
and lower altitude, extending roughly from 85 km to 110 km. This causes a laser spot with a certain thickness and
a particular form, called "waist".
On the other hand we assumed, as a simplificative hypothesis, to have a thin Sodium layer and a laser spot with
about zero vertical thickness. This leads to a simpler equation for the calculation of the high order tilt signal coming
down from the LGS and measured by the LGS tilt wave—front sensor, that is:

91H—h (5)

where c is the light speed and h2 is the turbulent layer altitude. This is accepted as a first step for a preliminary
result; a more complex model, which will take into account the finite thickness of the Sodium layer, has to be
considered later in order to obtain slithly more accurate results. A subsequent Matlab—Simulink model generates
100 seconds of these data and stores them into the file "D_Theta.mat", which will be used later for the further
simulations.
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Figure 1. Matlab—Simulink model for the generation of the estimated tilt starting from the propagation delay
measurements affected by a white noise of a given uncertainty.

3. LIMITS OF PD THROUGH SIMULATIONS
The first step is to build a model that gives the reconstruction errors when a numerical integration of the data
incoming from the LGS, plus a background instrumental noise are considered.
This model is shown in Fig. 1. We can see that the derivative tilt data coming from a stored file are summed up
with a white noise source. Before each simulation the noise power is fixed to a particular value in order to evaluate
the system response with several different noises which can simulate different environmental situations.
A particular gain block is used after the numerical integrator to scale the data in order to have the same standard
deviations from original tilt data and the integrated ones (the gain value is given by a previus 100 seconds long
simulation where this gain is fixed to 1).
The noise values imposed were 0.45, 0.71, 1, 1.41, 2.24, 3.16 mas. For each of these values we let this model running
for 100 one—second long simulations, extracting at the end the average of the absolute difference between the original
data and the integrated ones. The results are shown in Fig. 2.

This graph shows how these errors are growing with time and also the fitting curves (solid lines) satisfying the
relationship

IEI=Eo+kv' (6)

that we expected from the beginning as due to the approximations introduced in the physical model.
To give a more comprehensive graphic image the data are first convolved between 100 sample slots — to prevent
the scattering through the plotted image — and then decimated by a 1/20 ratio because of their numerousness
(10000 samples/s). It is noticeable that the bigger the white-noise power in input (as explained in the graph by the
standard deviation in mas) , the more growing with time error we have after the numerical integration of the LGS
incoming data.

Another important feature we can draw from this figure is a sort of upper limit in integration time once we have
fixed an arbitrary threshold on the maximum acceptable seeing diffraction. By analysing where the fitted curves
reach this threshold in ordinate we can show these values in Fig. 3, putting the input—noise standard deviation values
on the x—axis.
The important thing to note in this figure is that an input noise which has a standard deviation of about 3 mas leads
to a max integration time of less than 1 s, that is we can consider a characteristic frequency which is critical for the
integrated LGS signal. Below this frequency the errors introduced by the LGS propagation delay may dominate the
situation by drifting the reconstructed signal away from the real absolute tilt, as it is given, for example, by a NGS.
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Figure 2. The growing with time errors, caused by integration with propagation delay measurements when affected
by several different noises. The solid lines are fit using the relation explained in the text. The dotted line is set
arbitrarily at 50 mas and defines a characteristic time for each of the introduced noise.
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Figure 3. The characteristic time necessary to have residual growth over the 50 mas threshold, vs. propagation
delay noise measurements. The data are coarsely approximated by a hyperbolical relationship.

4. FREQUENCY-SPLITTING TIP-TILT CORRECTION
The time—growing error of PD can be seen in the frequency space, as an accurate technique to retrieve the high
frequency portion of the absolute tip—tilt. Re—setting the tilt using a faint Natural Guide Star (faint NGS, hereafter)
can be seen, in a similar manner, as the low frequency portion of absolute tilt. In fact higher frequencies are more
affected by photon shot and detector noises, this error lowering when integration time or longer characteristic filter
times are taken into consideration.

The basic point of this paper is to operate in the tip—tilt loop a frequency splitting between the LGS signal
produced through real—time integration using the PD effect and a signal obtained by means of a noisy faint NGS.
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Figure 4. The optimum ratio between the low—pass (fLP) and high—pass (fHP) cutoff frequencies of the filters to
minimize the residual when they are used in parallel. An optimum value ILP/fHP 1.6 is found.

In order to effectively split the signal and recombine it in a constructive manner we selected a High Pass (HP)
filter for the LGS signal and a Low Pass (LP) filter for the NGS signal.

In order to find the optimum ratio between the two cut—off frequencies fHp/fLp we used a MatLab—Simulink
model where a white noise has been splitted and injected into two Butterworth ifiters (numerically simulated by hR
filters78). The HP one is a second order one while the LP is a simpler first order. This approach is a suitable one
because it causes only a little phase delay in the frequency band of interest. The signal is then recombined after the
two filters and compared with the original one. The noisy—less system is run for several different frequency ratios
and the residual vs. frequency ratio has been plotted ion Fig. 4.

Each point consists of a simulation run of 100 points and a order polynomial fit has been made to the data.
An approximate optimum ratio of fLp/fHp 1.6 has been found and we shall retain this value through the rest of
the paper.

We must point out that this last result is not to be taken as a fundamental and general one since it depends
upon the filter types and the power spectrum of the injected signal. Higher order filters, for instance, exhibiting a
steeper frequency behaviour could result into optimum ratio closer to the unit. It is worth to point out that more
complicated filters are more difficult to implement in a real—time system and, moreover they could give poorer
peak—performances due to larger phase lags around the cut—off frequencies.

5. AN INTEGRATED LGS+NGS SIMULATION
Using the preceeding results we outlined a MatLab—Simulink model combining the high frequency signal coming from
the LGS PD integration with a 3.2 mas noisy signal with the 4—layers atmosphere model already described and a
100 mas noisy NGS signal simulating a faint NGS.

The model outlined in Fig. 5 leaves the cross—over frequency of the two filters as the only free parameter (their
ratio being kept fixed to 1.6). Several check—points have been installed in the model in order to check it and obtain
better results that are not treated here because still at a some speculative state.

Final results are shown in Fig. 6 where the residual is plotted against cross—over frequency. Several comments
can be made by a careful inspection of these results:

• A minimum is evident at a frequency roughly of the order of twice the characteristic time for the LGS PD used
in this simulation;

• The peak performance remains of the order of twice the diffraction limit of the adopted telescope (D = 4m);

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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Figure 5. Matlab—Simulink model of the composite LGS + faint NGS tip—tilt retrieval.
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Figure 6. The optimum frequency to minimize LGS propagation delay and faint NGS is found to be of the order
of 1 to 2.5 Hz for the case described in the text.

. The steepness of the LGS dominated error is much larger than the one where the NGS error dominates. In
a real system this would result into a larger performance dependence from the LGS signal return and/or up—
launching seeing that could be in some fraction unpredictable. This could lead to adopt as working point a less
performing point located somewhere on the growing portion of the NGS—dominated portion of the performance
curve.

We stress again that the latter comments are based upon a single simulation on a somewhat realistic but not
necessary representative situation and that a further exploration of case studies and a thorough study for better
filtering approaches should be made in order to finalize some ultimate performances of such an approach.

6. CONCLUSIONS
PD using the whole telescope as projector looks useless for astronomical purposes. The approach described here
could be implemented in an easy and unexpensive way. The LGS is often sensed from the launching telescope for
several purposes and a faint NGS tracking system is being implemented in every LGS—based adaptive optics system
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under realization. This work indicates that remarkable results can be obtained by some smart combination of data
that could be already available at several LGS—based adaptive optics systems.
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