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Focus anisoplanatism effects on tip–tilt
compensation for adaptive optics with use of
a sodium laser beacon as a tracking reference
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A Zernike decomposition of the pupil phase variance that is due to focus anisoplanatism for a sodium laser
guide star is calculated, including the angular error variance associated with overall tilt. This quantity, or tilt
focus anisoplanatism sFA,tt

2 , is necessary in evaluating the usefulness of new techniques developed to measure
the wave-front tilt from a sodium laser guide star. The analytical expression of sFA,tt

2 in the case of refractive-
index fluctuation with a Kolmogorov power spectral density is given together with numerical results for two
different Cn8

2 (z) profiles. Numerical calculations show that tilt focus anisoplanatism may be a limitation
when a sodium laser guide star is used to sense the overall wave-front tilt at visible wavelengths, especially for
8-m-class telescopes. © 1996 Optical Society of America.
1. INTRODUCTION

Adaptive optics1 (AO) is a technique that can boost the
performance of a ground-based telescope, with respect to
resolution and sensitivity, up to the limits dictated by the
unavoidable diffraction effects.2 In these respects the
AO technique is much better than the speckle technique,3

as it is able to achieve diffraction-limited performance but
with a sensitivity still limited by the resolution dictated
by the atmospheric turbulence. Adaptive optics relies on
the availability of a bright-enough reference source
within the isoplanatic patch of the observed object. This
reference source is then used to retrieve the tilt and the
higher-order information about the wave-front distortion
introduced by the atmosphere itself. Natural reference
sources that are bright enough are rare,4 and the demand
for an artificial guide star has led to the concept of the la-
ser guide star5 (LGS) with use of Rayleigh scattering in
the lower atmosphere6,7 or resonant scattering in the me-
sospheric sodium layer at '90-km altitude.8

However, it has already been pointed out that the LGS
suffers from the tilt indetermination problem.9 Two
types of solution exist: to rely for the tilt sensing on a
natural guide star (NGS) or to have some additional in-
formation on the ground-to-layer path of the laser beam.
In the first case the problem is avoided altogether, but
some limitation occurs in the sky coverage; in the second
case the ground-to-layer laser beam propagation is sensed
for measurement of the upward beacon tilt. Subtraction
of this quantity from the overall tilt of the LGS measured
at the telescope aperture allows one to obtain the down-
ward LGS tilt needed for operating the tilt-correction
loop.
To date, two systems have been proposed to deal with
0740-3232/96/0901916-08$10.00
techniques of the first type: the trivial sensing of a near
NGS10,11 and the implementation of dual adaptive
optics12 to increase the sensitivity, i.e., the NGS limiting
magnitude, thus increasing the sky coverage.
For the second type of approach the techniques that

have been proposed in the literature are the use of a mul-
ticolor star,13 the realization of a tristatic configuration,14

and the adoption of auxiliary telescopes in the neighbor-
hood of the main observatory.15 The last technique still
relies on some NGS’s, but the final information concerns
the ground-to-layer propagation only; moreover, the con-
cept can, in principle, provide full sky coverage.
The techniques of the second type will suffer from some

unavoidable error that is due to the focus anisoplanatism
(FA) effect. Actually, even assuming that the upward la-
ser beacon tilt can be exactly determined, the FA error as-
sociated with the downward laser beacon tilt provides the
fundamental limit of this type of technique. Usually FA
error calculations16,17 omit the tilt contribution because it
is much lower than the error that is due to the ground-to-
layer propagation error. The principal aim of the present
paper is to evaluate the overall tilt FA and its effect on
the performance of the AO system. To do this, in Section
2 we establish the analytical form for a Zernike decompo-
sition of the pupil phase variance that is due to the FA
error, including the two tilt terms. In Section 3 we deal
with the Kolmogorov power spectrum case and the re-
lated analytical expression for the Zernike decomposition.
In Section 4 we discuss the effect of the overall tilt FA on
the global Strehl ratio (SR) obtained by an AO system.
In addition, a comparison between tilt FA and high-order
FA phase variance is made. We conclude that, depend-
ing on both the operating wavelength of the tip–tilt track-
ing system and the telescope diameter, tilt FA error may
© 1996 Optical Society of America
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be a serious limitation for an AO system that senses the
overall tilt from sodium LGS measurements.
Finally, following the terminology adopted for the tilt-

related quantities, we suggest the adoption of the term fo-
cus anisokinetism to refer to the overall tilt FA effect.

2. ZERNIKE DECOMPOSITION OF THE
FOCUS ANISOPLANATISM ERROR
Figure 1 shows the geometry of the system. We are in-
terested here in FA effects, so we consider the NGS and
the LGS located on the optical axis z of the imaging sys-
tem. We consider the case of zenith observations with a
LGS generated by a laser tuned to the sodium-D line and
focused on the 90-km-altitude mesospheric layer.
We let fN(r) be the atmospheric-turbulence-induced

phase shift associated with the distortion of the NGS
wave front at the position r [ (x, y) in the pupil plane
(z 5 0) of the imaging system. We let fL(r) be the
atmospheric-turbulence-induced phase shift at the same
position in the pupil plane but associated with the LGS
wave front. If the imaging system has a circular pupil of
radius R, the Zernike polynomial expansions of the NGS
and LGS phase shifts are18

fN~Rr! 5 (
j51

`

aj
~N !Zj~r!, (1)

fL~Rr! 5 (
j51

`

aj
~L !Zj~r!, (2)

where r 5 Rr. Zernike coefficients a j
(L) and a j

(N) are
given by

aj
~N ! 5 E W~r!Zj~r!fN~Rr!d2r, (3)

aj
~L ! 5 E W~r!Zj~r!fL~Rr!d2r, (4)

where the normalized pupil function W(r) is defined by

Fig. 1. FA-effect geometry. Vertical rays represent light origi-
nating from the NGS located at an infinite range. Rays origi-
nating from the LGS, located on the optical axis z at a distance H
from the pupil plane (x, y), follow slightly different paths, thus
undergoing different phase perturbation. In particular, if rays
from the NGS and the LGS intersect the pupil plane at a point at
distance r from the optical axis, letting z < H, they intersect the
plane z 5 constant at a position given by r and (1 2 z/H)r, re-
spectively.
W~r! 5 H1/p0
if r < 1
if r . 1. (5)

We denote by fD(r) the FA residual phase shift, given by

fD~r! 5 fL~r! 2 fN~r!. (6)

The ensemble average sFA
2 of the mean square residual

phase shift can be expressed, with notation introduced
above, as

sFA
2 5 ^~fD 2 fD!2&, (7)

where the symbol ^ . . . & denotes the ensemble average
and an overbar denotes the spatial average over the pupil.
The term fD is the piston term and is related to Zernike
coefficients of the fL and fN expansions by

fD 5 E W~r!fD~Rr!d2r 5 a1
~L ! 2 a1

~N ! . (8)

With Eqs. (1), (2), (6), and (8), Eq. (7) can be written as

sFA
2 5 (

j52

`

^uaj
~L ! 2 aj

~N !u2&, (9)

where we use the Zernike polynomial orthogonality
relation18

E W~r!Zi~r!Zj~r!d2r 5 d ij . (10)

The contribution sFA, j
2 of the jth mode to sFA

2 is given by

sFA, j
2 5 ^uaj

~L ! 2 aj
~N !u2&, j 5 2, 3, . . . . (11)

The expression for the FA modal contribution can be re-
written with use of Eqs. (3), (4), and (6) as

sFA, j
2 5 E E @W~r!Zj~r!#*W~r8!Zj~r8!

3 BD~Rr,Rr8!d2rd2r8, (12)

where BD is the correlation function of the FA residual
phase shift over the pupil plane, defined by

BD~r, r8! 5 ^fD~r!fD~r8!&. (13)

Figure 1 presents our propagation geometry. The
NGS is located at an infinite range on axis z. The LGS is
located, on the same axis, at a distance H from the pupil
plane. We let n8(r, z) be the fluctuating part of the re-
fractive index at the position (r, z). Neglecting diffrac-
tion effects and taking into account that the LGS and the
NGS are focused by the optical system in different
planes,19 we can write16

fN~r! 5
2p

l E
0

`

n8~r, z !dz, (14)

fL~r! 5
2p

l E
0

H

n8@x~z !r, z#dz, (15)
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where l is the wavelength and x(z) 5 1 2 z/H. Because
n8(r, z) 5 0 for z > H ' 90 km, we can write Eq. (14) as

fN~r! 5
2p

l E
0

H

n8~r, z !dz. (16)

Substituting Eqs. (15) and (16) into Eq. (6), we obtain

fD~r! 5
2p

l E
0

H

$n8@x~z !r, z# 2 n8~r, z !%dz, (17)

and the expression for correlation function BD takes the
form

BD~r, r8! 5 S 2p

l D 2E
0

HE
0

H

dzdz8$^n8~r, z !n8~r8, z8!&

1 ^n8@x~z !r, z#n8@x~z8!r8, z8#&

2 2^n8@x~z !r, z#n8~r8, z8!&%. (18)

If we consider the case of locally isotropic turbulence with
smoothly varying mean characteristics,20 using the
Wiener–Khinchin theorem, we can write Eq. (18) as

BD~r, r8! 5 S 2p

l D 2E
0

HE
0

H

dzdz8Cn8
2 S z 1 z8

2 D
3 E d2kFn8

~0 !
~k, uz 2 z8u!

3 (exp@2pik • ~r 2 r8!#

1 exp$2pik • @x~z !r 2 x~z8!r8#%

2 2 exp$2pik • @x~z !r 2 r8#%), (19)

where k [ (kx, ky), k 5 uku, and

Fn8S k, uz 2 z8u,
z 1 z8

2 D 5 Cn8
2 S z 1 z8

2 DFn8
~0 !

~k, uz 2 z8u!

(20)

is the bidimensional power spectral density of the
refractive-index fluctuations. Significant variations of
structure constant Cn8

2 (z) can occur only over distance
comparable with the outer-scale L0 , whereas Fn8

(0)(k, z)
differs appreciably from zero only when ukzu & 1. The
relation between the bidimensional power spectral den-
sity Fn8 and the power spectral density Fn8 is given by

Fn8
~0 !

~k, kz! 5 E
2`

`

exp~22pikzz!Fn8
~0 !

~k, z!dz, (21)

where the reduced power spectral density Fn8
(0)(k, kz) is

defined by

Fn8~k, kz , z ! 5 Cn8
2

~z !Fn8
~0 !

~k, kz!. (22)

From Eq. (19), we can write Eq. (12) in Fourier space as

sFA, j
2 5 S 2p

l D 2E
0

HE
0

H

dzdz8Cn8
2 S z 1 z8

2 D
3 E d2kFn8

~0 !
~k,uz 2 z8u!$Qj* ~Rk!Qj~Rk!

1 Qj* @Rx~z !k#Qj@Rx~z8!k#

2 2Qj* @Rx~z !k#Qj~Rk!%, (23)
where Qj(k) is the Fourier transform of W(r)Zj(r). Sub-
stituting the analytical expression of Qj(k) given by
Noll,18 we obtain

sFA, j
2 5 2p~n 1 1 !S 2p

l D 2E
0

HE
0

H

dzdz8Cn8
2 S z 1 z8

2 D
3 E kdkFn8

~0 !
~k, uz 2 z8u!G~k, z, z8!, (24)

in which the function G(k, z, z8) is defined by

G~k, z, z8! 5
1

~pRk !2
HJn11

2 ~2pRk !

1
Jn11@2pRx~z !k#Jn 1 1@2pRx~z8!k#

x~z !x~z8!

2 2
Jn11@2pRx~z !k#Jn 1 1~2pRk !

x~z ! J ,
(25)

where n is the radial order of the jth Zernike polynomial
and Jm(x) is the mth order Bessel function of the first
kind.
If we make, as usual,21,22 the variable substitution,

2h 5 z 1 z8,

j 5 z 2 z8, (26)

and note that where Fn8
(0)(k, uju) differs appreciably from

zero,

GS k, h 1
j

2
, h 2

j

2 D ' G~k, h, h!, (27)

Eq. (24) becomes

sFA, j
2 5 2p~n 1 1 !S 2p

l D 2E
0

H

dzCn8
2

~z ! E kdkg~k, z !

3 Fn8
~0 !

~k, 0!, (28)

where

g~k, z ! 5
1

~pRk !2
HJn11~2pRk !

2
Jn11@2pRx~z !k#

x~z ! J 2. (29)

The function q(k, z) is equivalent to the filter function in-
troduced by Sasiela and Shelton23 for the modal-
decomposition FA-effects problem. Parenti and Sasiela17

give the analytical expression of g(k, z) only for the
piston-and-tilt FA term. These two expressions agree
with our Eq. (29), with n 5 0 and n 5 1, respectively.
Equation (28) is the expression for the FA modal contri-
bution, which allows us to estimate FA effects. To do this
we need to specify the reduced power spectral density
Fn8

(0)(k, 0) and the structure-constant profile Cn8
2 (z).

3. sFA, j
2 CALCULATION FOR KOLMOGOROV

POWER SPECTRAL DENSITY
For Kolmogorov turbulence, the reduced power spectral
density is given by
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Fn8
~0 !

~k, 0! 5 0.00969k211/3. (30)

In this case, defining the normalized structure constant
profile cn8

2 (z) as

cn8
2

~z ! 5
Cn8
2

~z !

E
0

`

Cn8
2

~z8!dz8

, (31)

Eq. (28) can be written as

sFA, j
2 5 0.023~8p8/3!~n 1 1 !

3 S Dr0D
5/3 E

0

H

cn8
2

~z !In 1 1@x~z !#dz, (32)

where

Im~b! 5 E
0

`

s214/3FJm~s ! 2
Jm~bs !

b G2ds (33)

and r0 is the Fried parameter for a plane wave defined by

r0 5 F0.423S 2p

l D 2 E
0

`

Cn8
2

~z !dzG23/5

. (34)

The integral in Eq. (33) is evaluated in Appendix A, so
that the expression for sFA, j

2 results in

sFA, j
2 5 0.023

p8/3

25/3
S Dr0D

5/3

~n 1 1 !GF14/3, n 2 5/6
17/6, 17/6, n 1 23/6G

3 E
0

H

cn8
2

~z !wn~z !dz, (35)

where wn(z) is given by

Fig. 2. Dependence of weighting function w8(z) on distance z
from the pupil plane of the image system. The function w8(z)
states the relative importance of turbulence layers with height
for a given mode. Using mode ordering of Noll,18 we show ten
curves corresponding to Zernike modes with radial degrees rang-
ing between 1 and 10. The height dependence of w8(z) is given
approximately by z2.0, especially for lower radial degrees.
wn~z ! 5 1 1 S 1 2
z
H D 5/3

2 2S 1 2
z
H D nGF17/6, n 1 23/6

14/3, n 1 2 G
3 2F1Fn 2 5/6,211/6; n 1 2;S 1 2

z
H D 2G , (36)

the symbol G[ • • •] is defined in Appendix A, and
2F1(a, b; c; x) is the Gaussian hypergeometric function.
The wn(z) function is a weighting function that states

the relative importance of turbulence layers for height for
a given mode. A comparison among weighting functions
for different modes is shown in Fig. 2, where functions
wn8 (z), defined by

wn8 ~z ! 5 ~n 1 1 !GF14/3, n 2 5/6
17/6, 17/6, n 1 23/6Gwn~z !, (37)

are plotted for radial degree values n from 1 to 10. The
height dependence of the weighting function is given ap-
proximately by z2.0, especially for low modes, confirming,
as well known, that FA effects are due mainly to high-
turbulence layers.
Once the Cn8

2 (z) profile has been defined, we can calcu-
late, using Eq. (35), the modal contributions to the FA er-
ror. In Fig. 3 we present two profiles for Cn8

2 (z), defined
in Appendix B. The first is a Hufnagel–Valley (HV) pro-
file giving r0 5 20 cm and u0 5 1.7 arcsec at l 5 0.55
mm. The second is a modified Hufnagel–Valley (MHV)
profile, which gives the same r0 value as the HV profile
but redistributes 70% of the refractive-index power spec-
trum contribution to a surface layer. The latter profile
gives u0 5 3.5 arcsec. We have arranged the profiles in

Fig. 3. Values of the refractive-index structure constant
Cn8
2 (z) as a function of distance z from the pupil plane of the im-

aging system. The solid curve represents the HV profile used in
Ref. 10. It gives r0 5 20 cm and u0 5 1.7 arcsec at l 5 0.55
mm. The dashed curve represents the MHV profile obtained by
adding a surface layer of turbulence that contributes 70% of the
total optical strength of the turbulence. The MHV profile gives
the same r0 as HV one, and u0 5 3.5 arcsec.
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this way to emphasize the dependence of the FA error on
the altitude-turbulence distribution, with *Cn8

2 (z)dz kept
constant. For each of these profiles we calculated sFA, j

2

for j ranging from 2 to 20. These results are shown in
Fig. 4 for an 8-m telescope at l 5 0.55 mm. In that fig-
ure we also report, for the HV profile only, higher-mode
data from Sandler et al.10 generated by averaging the re-
sult of Monte Carlo simulations.

4. OVERALL TILT DETERMINATION AND
FOCUS ANISOPLANATISM
As stated in Section 1, new techniques aimed at obtaining
the overall wave-front tilt of a NGS by measurements
done on a sodium LGS have been proposed. Recovering
the downward laser beacon tilt is possible if the laser spot
instantaneous position or the upward laser beacon tilt is
known. However, for the sodium beacon the downward
tilt differs from a NGS overall tilt because of the FA ef-
fect. With use of the expression obtained in Section 3, it
is possible to estimate this difference and to establish the
limitations it imposes on AO systems that rely on a LGS
to measure natural-star overall wave-front tilt. The
quantity needed is the ensemble average of the square
difference between NGS and downward LGS angular
tilts. We have suggested calling this quantity focus
anisokinetism, and we indicate it by sFA,tt

2 . With the no-
tation of Section 3, sFA,tt

2 results in

sFA,tt
2 5 S 2p D 2S l

D D 2~sFA,2
2 1 sFA,3

2 ! (38)

5 2~0.427!2S l

D D 2S Dr0D
5/3 E

0

H

cn8
2

~z !wn~z !dz,

(39)

Fig. 4. Zernike decomposition of the FA phase error for
l 5 0.55 mm and D 5 8 m. Contributions sFA, j

2 of the jth
mode are calculated for HV and MHV turbulence profiles. We
use the mode ordering given by Noll.18 We also report, for the
HV profile only, higher-mode data from Sandler et al.10 gener-
ated by Monte Carlo simulations.
where the factor (2/p)2(l/D)2 is introduced into Eq. (38) to
convert the tilt phase variance into angle-of-arrival vari-
ance expressed in radians. In Eq. (39), wn(z) is given by

wn~z ! 5 1 1 S 1 2
z
H D 5/3 2 2.20S 1 2

z
H D

3 2F1F16 , 2
11
6
; 3; S 1 2

z
H D 2G . (40)

As an example of similar calculation, we show in Fig. 5
results for sFA,tt

2 obtained by using the two C n
2(z) profiles

introduced above. Furthermore, this figure presents the
attenuation SR tt of the SR, obtained by an AO system,
that is due to focus anisokinetism error. The expression
of SRtt has been introduced by Sandler et al.10 and, with
our formalism, can be written as

SR tt 5 F1 1
p2

4 S sFA,tt

l/D D 2G21

. (41)

Numerical results for 8- and 4-m-class telescopes are re-
ported in Table 1. This table shows that the focus aniso-
kinetism error should be a minor limitation for an AO
system working down to the J band, even if the J band
results for 8-m-class telescopes could have some critical
dependence on the Cn8

2 profile. This is pointed out by the
SR tt values obtained for the two turbulence profiles used,
which range between 0.85 and 0.63. A similar situation
is found for the 4-m-class telescopes in the V band, where
the SR tt obtained varies from 0.77 to 0.51 depending on
the profile considered. Finally, the results for the 8-m-
class telescopes operating in the V band show that in this
case the focus anisokinetism may be a major limitation,
introducing a SR tt attenuation factor that goes from 0.52
down to 0.25. These results are not surprising. It is
known10 that the FA effect prevents the use of a single so-
dium LGS to perform wave-front sensing at visible wave-

Fig. 5. Tilt angle FA error sFA,tt
2 and relative Strehl ratio at-

tenuation SRtt as functions of D/r0 . Values are calculated with
use of the HV (solid curve) and the MHV (dashed curve) turbu-
lence profiles. sFA,tt

2 is reported in units of square width (l/D)2

of the diffraction-limited image.
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Table 1. Tilt Angle Focus Anisoplanatism Error sFA,tt
2 and Associated Strehl Ratio Attenuation SRtt with

Use of HV and MHV Turbulence Profiles

HV Profile MHV Profile

Parameter
V Band
(0.55 mm)

J Band
(1.25 mm)

K Band
(2.2 mm)

V Band
(0.55 mm)

J Band
(1.25 mm)

K Band
(2.2 mm)

4-m Telescope SRtt 0.51 0.84 0.94 0.77 0.95 0.98
sFA,tt
2 @(l/D)2# 0.39 0.08 0.02 0.12 0.02 0.007

8-m Telescope SRtt 0.25 0.63 0.84 0.52 0.85 0.95
sFA,tt
2 @(l/D)2# 1.24 0.24 0.08 0.37 0.07 0.02
lengths for the 8-m-class telescope. It turns out that the
same effect may be a limitation even for the overall tilt
sensing alone. The last statement can be expressed in a
more quantitative form. A numerical comparison be-
tween tilt and high-order FA errors can be obtained by
evaluating the ratio g defined by

g 5
sFA,2
2 1 sFA,3

2

sFA,HO
2 , (42)

where

sFA,HO
2 5 (

j54

`

sFA, j
2 . (43)

As observed in Section 3 and shown in Fig. 2, the weight-
ing function wn8 (z) can be well approximated within the
altitude range 0–20 km by the expression

wn8 ~z ! 5 anz
2. (44)

If we use this approximation for wn8 (z) together with Eq.
(35) for sFA, j

2 to rewrite the numerator and the denomi-
nator of g, it is simple to show that

g 5
2a1

(
j54

`

an

, (45)

where, as stated before, n is the radial degree of the jth
Zernike mode. This equation states that g is not depen-
dent on the wavelength, the telescope diameter, or the
turbulence profile cn8

2 (z). Numerical evaluation gives
g 5 0.59, which states the relative importance of the tilt
FA error versus the high-order FA error.
Usually the high-order FA error is given in terms of the

well-known atmosphere parameter d0 introduced by
Fried and Belsher16 as

sFA,HO
2 5 S Dd0

D 5/3. (46)

Using our results, we can introduce a simple expression
for tilt FA phase variance as a function of d0 given by

sFA,2
2 1 sFA,2

2 5 0.59S Dd0
D 5/3. (47)

Numerical values for d0 at l 5 0.55 mm for the HV and
the MHV profiles are 2.99 and 6.11 m, respectively.
It is important to note that the tip–tilt attenuation fac-

tor calculated in this paper is obtained for a Kolmogorov
spectrum. If we introduce an outer-scale L0 for the
refractive-index fluctuations, the tip–tilt variance will be
reduced depending on the D/L0 ratio.

24 This allows us to
assume that the sFA,tt

2 will be reduced, too. This indi-
cates that results for the tip–tilt attenuation factor, espe-
cially for the 8-m case, could be more favorable than those
shown in Table 1.

5. CONCLUSIONS
We have derived an analytical expression for a Zernike
decomposition of the pupil phase variance that is due to
FA error. This expression depends on both the Cn8

2 (z)
profile and the reduced refractive-index power spectral
density Fn8

(0) . With further calculations we have ob-
tained the FA modal decomposition for the case of the
Kolmogorov spectrum. Using two different Cn8

2 (z) pro-
files, we have numerically evaluated the effect on the glo-
bal Strehl ratio achieved by an AO system when we as-
sume a residual error in the tracking servoloop that is
due to tilt FA. This analysis applies to a system that re-
lies on LGS measurements to obtain the NGS overall tilt.
Results show that tilt FA, or focus anisokinetism, as we
propose to call this error, may be a serious limitation in
the case of 8-m-class telescopes working at visible wave-
lengths, where we found SR attenuation factors ranging
from 0.5 to 0.25.

APPENDIX A: EVALUATION OF Im(b)
The integral

Im~b! 5 E
0

`

s214/3FJm~s ! 2
Jm~bs !

b G2ds (A1)

can be written as

Im~b! 5 F m
~211/3!~1, 1! 1

F m
~211/3!~b, b!

b2

2 2
F m

~211/3!~b, 1!

b
, (A2)

where

F m
~a!~b, g! 5 E

0

`

sa21Jm~bs !Jm~gs !ds. (A3)

This integral is tabulated in most integral-table hand-
books of special functions, giving
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F m
~a!~b, g! 5 2a21bmg2m2aGFa/2 1 m

2a/2 1 1, m 1 1G
3 2F1S a

2
1 m,

a

2
; m 1 1;

b2

g2 D , (A4)

where

GFa1 , . . . , aNb1 , . . . , bM
G 5

G~a1! • • • G~aN!

G~b1! • • • G~bM!
, (A5)

G(x) is the G function, and 2F1(a, b; c; x) is the Gaussian
hypergeometric function. If we use Eq. (A4) and the re-
lation

2F1~a, b; c; 1 ! 5 GFc, c 2 a 2 b
c 2 a, c 2 b G , (A6)

the analytical solution of the integral in Eq. (A1) can be
written as

In 1 1~b! 5 2214/3GF14/3, n 2 5/6
17/6, 17/6, n 1 23/6G

3 H 1 1 b5/3 2 2bnGF17/6, n 1 23/6
14/3, n 1 2 G

3 2F1S n 2
5
6
, 2

11
6
; n 1 2; b2D J .

(A7)

APPENDIX B: Cn8
2 (z) PROFILES

We utilize two Cn8
2 profiles describing a nighttime 3000-

m-high mountain site. The first one we used is a (HV)
profile, given by

Cn8
2

~z ! 5 2.7F2.2 3 10223S z 1 h
1000 D expS 2

z 1 h
1000 D

1 10216 expS 2
z 1 h
1500 D G , (B1)

where z is the height from the telescope in meters, Cn8
2 is

in m22/3, and h 5 3000 m. This is the same profile that
is named HV in Ref. 10. The second profile is a MHV
profile. It is obtained by adding a surface layer of turbu-
lence as suggested by Valley.25 Following Beckers,2 we
consider the surface layer itself to be contributing 70% to
the turbulence power spectrum. The profile has been
rescaled to give the same r0 as the HV one. The expres-
sion for the MHV profile is

Cn8
2

~z ! 5 0.82F2.2 3 10223S z 1 h
1000 D expS 2

z 1 h
1000 D

1 10216 expS 2
z 1 h
1500 D 1 ~2.33 3 10215

1 5.38 3 10215z22/3!expS 2
z
80D G . (B2)
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