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We present a new wave-front sensing technique for adaptive optics based on use of several wave-front
sensors dedicated to the sensing of a different range of spatial frequencies. We call it a hierarchical
wave-front sensor. We present the concept of a hierarchical wave-front sensor and apply it to the
Shack–Hartmann sensor. We show the gain that is expected with two Shack–Hartmann sensors. We
obtain a gain that increases with the size of the largest sensor, and we detail the application of hierar-
chical wave-front sensing to extreme adaptive optics and extremely large telescopes. © 2005 Optical
Society of America
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1. Introduction

Currently, adaptive optics (AO) is able to achieve
high-resolution imaging with ground-based tele-
scopes. Many recent astrophysical results have been
obtained by AO systems.1–4 In this paper we propose
a wave-front sensing approach that significantly in-
creases the ability of the AO system to measure the
turbulent phase compared with standard wave-front
sensors (WFSs). This method provides a possible so-
lution for high-Strehl AO, also called extreme AO
(XAO),5 and AO for extremely large telescopes
(ELTs).6

We define a hierarchical wave-front sensor
(HWFS) as a set of several WFSs of different spatial
sampling with each dedicated to a range of turbulent
spatial frequencies. This concept was first proposed
by Ragazzoni et al.7

In this paper we present the concept of HWFSs
applied to the Shack–Hartmann (SH) WFS. The SH
WFS8 gives zonal information of the first derivative of
the phase. The measurements are given by the posi-
tions of the center of gravity of spots on a camera that
is located behind an array of microlenses. The esti-
mation error of such a sensor is directly linked to the
size of the spots, which, in the diffraction-limited
case, is proportional to ��d, with � the wavelength
and d the subpupil diameter. The higher the diame-

ter of the subpupils, the better the precision of the
measurement, as long as the spot size is limited by
diffraction and not by the residual turbulence within
the subaperture.

A hierarchical Shack–Hartmann (HSH) sensor is a
set of several SHs of different numbers of subaper-
tures. The first SHs (largest subapertures) allow us to
increase the estimation of the lower spatial frequen-
cies.

In Section 2 we present the principle of the HSH,
we define the order of a HSH, and we explain why one
can expect a gain for this approach. In Section 3 we
optimize the parameters of a first-order HSH and
present the gain it achieves with respect to a classical
SH. We study the application of this technique to AO
for ELTs and XAO in Section 4 and, in Section 5,
discuss further studies and perspectives.

2. Principle of the Hierarchical Shack–Hartmann
Sensor

Let us consider a SH WFS of subpupil size d � D�N,
where D is the telescope diameter and N is the linear
number of subapertures. We consider that such a SH
is sensitive approximately to the N first radial orders
of Zernike polynomials. In addition, we assume that
all the SHs are working in the diffraction-limited
regime. In this case, the size of the spots behind the
microlenses is larger when the lenses are smaller.
The precision of the determination of the spot dis-
placement is then smaller. This is illustrated in Fig.
1. A SH with few subapertures therefore gives a bet-
ter estimation of low-order modes, although it is in-
capable of measuring the high-order modes.

In the diffraction-limited regime, for a given num-
ber of photons nph arriving at the telescope pupil per
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unit time, the photon noise error of the SH is propor-
tional to9

�ph
2 �

N2

nph
. (1)

A HSH composed of two SHs is represented in Fig. 2.
The first SH contains N1 � N1 subpupils and the sec-
ond N � N subpupils, where N1 � N. The fraction of
photons arriving at the first SH is a1. The beam split-
ter is assumed to be perfect, and the fraction of pho-
tons arriving at the second SH is �1 � a1�. The first
SH ensures a better estimation error than the second
of the first N1 radial orders. This HSH’s performance
depends on three parameters: N1, N, and a1. We show
in Section 3 how to obtain values for N1 and a1 that
optimize the performance for a given N.

Similarly, a HSH with three SHs depends on five
parameters: a1, a2, N1, N2, and N, where a1 and a2 are
the fractions of photons arriving on the first and sec-
ond SHs, respectively (with each SH containing
N1 � N1 and N2 � N2 subpupils). The high-order SHs,
is still N � N, and the fraction of photons that are

incident is �1 � a1 � a2�. For a given N, optimizing a
HSH containing three SHs means optimizing four
parameters.

More generally, a HSH with n SHs depends on
2�n � 1� � 1 parameters: a1, a2, . . ., an�1,
N1, N2, . . ., Nn�1, N resulting in 2�n � 1� parameters
to be optimized for a given N. We call k � n � 1 the
order of the HSH. A classical SH therefore is a HSH
of order 0 (HSH0) and a HSH with two SHs is a
first-order HSH (HSH1), and so on.

3. Expected Gain with a First-Order Hierarchical
Shack–Hartmann Sensor

We study here the case of a HSH1; we determine the
optimal N1 and a1 with respect to N and the gain
given by an optimized HSH1.

A. Photon Noise-Limited Case

In this subsection we consider the case in which the
measurement is limited by the photon noise. The
readout noise (RON) can therefore be neglected. The
noise coefficient propagation pi for each ith Zernike
polynomial of radial order ni and azimuthal order mi

is given by10

pi � 0.295(ni � 1)�2.05 mi � ni, (2)

pi � 0.174(ni � 1)�2 mi 	 ni, (3)

We approximate this by taking

pi � (ni � 1)�2 ∀ ni, mi. (4)

where � denotes a proportionality relation and ∀
means over all. One should note that this approxima-
tion slightly underestimates the noise and, as a con-
sequence, underestimates the gain provided by the
HSH with respect to a classical SH.

From relation (1), the total variance of the �N � N�
SH estimation error is given by

�N
2 � �ph

2 �
i�1

I

pi, (5)

�
N2

nph
�
i�1

I

(ni � 1)�2, (6)

where I is the order of the highest Zernike polynomial
sensed by the SH. Using the fact that there are
�n � 1� modes of radial order n, one can write

�N
2 �

N2

nph
�
n�1

N

�(n � 1)(n � 1)�2�, (7)

�
N2

nph
�
n�1

N

(n � 1)�1 (8)

The total error variance of a HSH1, �HSH1

2 , is theFig. 2. Principle of the HSH represented as a HSH of order 1.

Fig. 1. In the diffraction-limited regime, the size of the spots
behind the microlenses is larger when the lenses are smaller. The
precision of the determination of the spot displacement is then
smaller.
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sum of the two terms �N1
2 and �N2 where the number

of photons incident on each SH is a1nph and �1
� a1�nph, respectively. If we assume that the first SH
is dedicated to the radial orders 1 to N1 and that the
second is dedicated to the radial orders N1 � 1 to N,
one obtains

�HSH1

2 �
N1

2

a1nph
�
n�1

N1

(n � 1)�1

�
N2

(1 � a1)nph
�

n�N1�1

N

(n � 1)�1. (9)

We reiterate that, in a HSH described by relation (9),
the measurement given by the second SH is not used to
estimate the low-order modes but only the high-order
ones. In a real system one could use all the measure-
ments to better estimate the N first radial orders. This
approximation, which allows a simplification of the
analytical expressions describing the system, further
underestimates the performance of a HSH.

When we derivate relation (9) with respect to a1, we
can obtain the optimal coefficient a1* solution to the
equation 
�HSH1

2 �
a1 � 0:

a1* � �1 �
N

N1
��N � �N1

�N1
	1�2
�1

. (10)

For the sake of simplicity, we note �N � �n�1
N �n

� 1��1. By replacing this value in relation (9), one
finds the value of �HSH1

2 when a1 is optimized for a
certain N1 and N. After simplification, relation (9)
becomes

�HSH1

2 �
N1

2

nph
�N1 �1 �

N

N1
��N � �N1

�N1
	1�2
2

. (11)

To compare the HSH1 with the classical SH, we con-
sider the gain in terms of error variance, which can be
written as

gain �
�SH

2

�HSH1

2
, (12)

where �SH
2 is the estimation error variance of a clas-

sical SH, given by relation (8). This gain can be easily
computed, and it is clear from relation (11) that it
depends on N1. It presents an optimal value for a
certain N1. By computing this for each value of N, one
can obtain the evolution of the optimal N1 with re-
spect to N. It is represented in Fig. 3.

For N lower than 6, which corresponds more or less
to the typical SH size for 8-m class telescopes, the
optimal value of N1 is 1. This means that the first SH
is dedicated only to the estimation of the tip and tilt.
The correction of the tip and tilt is already separated
from the other modes in actual systems,11–13 but for
a technical reason, standard deformable mirrors are

not able to reproduce properly a tip–tilt compensation
of enough stroke.

Once these optimal values of N1 are obtained, it is
possible to determine a1*, the optimal value of a1
given by Eq. (10) versus N. This is plotted in Fig. 4.

We note that, for a given value of N1, a1* decreases
regularly when N increases. At the same time, for a
given value of N,a1* increases with N1. This leads
finally to an evolution of a1* when N1 is optimized as
shown in Fig. 4. For the ranges of N where the opti-
mal N1 is constant, a1* decreases with increasing N in
this range; and for N � 12, 16,. . . where the optimal
value of N1 changes, the behavior of a1* is discontin-
uous.

In the same way that we obtained the behavior of a1*
by using the computed optimal values of N1, one can
obtain the behavior of the gain with respect to N
when N1 is optimized. This behavior is plotted in Fig.
5. Once again we note that, for each value of N where
the optimal N1 changes, the behavior of the gain
changes. The dotted curve represents the evolution of
the gain when N1 is not optimized and is kept equal
to 1, the dashed curve is the case in which
N1 � 2, and the dashed–dotted curve is the case in
which N1 � 3. We obtain gains in terms of error

Fig. 3. Evolution of the optimal value of N1 versus N for a HSH1.
Photon noise case.

Fig. 4. Evolution of the optimal value of a1 versus N for a HSH1.
Photon noise case. Note that N1 is optimized as above.

10 January 2005 � Vol. 44, No. 2 � APPLIED OPTICS 173



variance of 1.5 when N � 40 and 1.7 when N
� 100. The greater the value of N, the greater the
gain.

We can deduce from these findings an approximate
recipe for a HSH1, giving N1 � N�5, a1 � 0.2, and
leading to a gain of approximately 1 � 0.07�N.

B. Readout Noise-Limited Case

To obtain the results presented above, we made the
assumption that detector RON could be neglected. In
real cases the detector noise is not always negligible.
We explore briefly in this subsection the case in which
the measurement is limited by the RON.

By using expressions given by Rousset,9 one can
obtain, with RON, the error variance [given in the
photon noise case by relation (1)]:

�err
2 �

N2

nph
�1 � RON2

N2

nph
	. (13)

In the cases of interest in this subsection, the system
is operating in a photon-starved regime and detector

noise dominates. We can therefore make the assump-
tion that RON2N2�nph�� 1 and

�err
2 � RON2

N4

nph
2

. (14)

As before, one can estimate the error variance of a
classical SH:

�err
2 � RON2

N4

nph
2 �

n�1

N

(n � 1)�1, (15)

and the error variance of a HSH1 is

�HSH1

2 � RON2
N1

4

a1
2 nph

2 �
n�1

N1

(n � 1)�1

� RON2
N4

(1 � a1)
2 nph

2 �
n � N1�1

N

(n � 1)�1. (16)

The optimal value of a1 can be obtained when we
derivate this expression with respect to a1 as shown
in the photon noise case. One can obtain

a1* � �1 � � N

N1
	2 ��N1

� �N

�N
	1�2
�1

. (17)

By substituting this expression into relation (16), one
can obtain the expression for �HSH1

2 as a function of N1
and N as

�HSH1

2 � RON2
N1

4

nph
2

�N1�1 � � N

N1
	2 ��N1

� �N

�N
	1�2
2

(18)

and compute numerically the value of N1 that opti-
mizes for a given N the gain �SH

2��HSH1

2. We note first
that the expressions of Eqs. (10) and (11) obtained in
Subsection 3.A are not equivalent to Eqs. (17) and
(18) with a RON of 0, as we are assuming that
RON2 �N2�nph� �� 1. In addition, the gain �SH

2 ��HSH1

2 is
not dependent on the value of the RON or the photon
noise, variables that do affect the values of �SH

2 or
�HSH1

2 .
We present in Figs. 6 and 7 the optimal values of

parameters N1 and a1 and in Fig. 8 the gain of the
HSH1 with respect to the classical SH of N � N sub-
apertures.

The global behavior of the optimal parameters and
of the gain follow the pattern of the above case. The
gain is greater in the RON case, because �HSH1

2 is
proportional to N1

4�nph
2 rather than N1

2�nph.
Approximate expressions for a HSH1 limited by

RON are N1 � N�2.8, a1 � 0.5, and a gain of approx-
imately 1 � 0.17�N.

With RON, the HWFS concept can also be applied
to the pyramid WFS.14 In that case, the equivalent

Fig. 6. Evolution of the optimal value of N1 versus N for a HSH1.
RON case.

Fig. 5. Gain of a HSH1 with respect to a classical SH versus N.
Photon noise case. The case in which N1 is optimized is plotted by
the solid curve. For comparison, the case in which N1 � 1 is plotted
by the dotted curve, N1 � 2 by the dashed curve, and N1 � 3 by the
dashed–dotted curve.
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parameter of the previous number of subapertures
would be the number of pixels sampling the four pu-
pils’ images behind the pyramid. Actually, the pa-
rameter managing the estimation error would no
longer be the number of photons by subaperture but
by pixel.

4. First Application to Adaptive Optics for Extremely
Large Telescopes and Extreme Adaptive Optics

We have shown that the gain given by a HSH1 in-
creases with N, both in the photon noise and RON
cases. Therefore this approach could be fruitful for at
least two applications: AO for ELTs and XAO.

The parameter considered most useful to estimate
the performance of an AO system is the Strehl ratio
(SR), which can be approximated by

SR � exp(��res
2 ), (19)

where �res
2 is the variance of the residual phase. For

a system correcting the first N radial orders of tur-
bulence, it can be approximated by

�res
2 � �N

2 � �Noll
2 , (20)

where �N
2 is the residual error variance on the N first

radial orders and �Noll
2 is the Noll residual variance,

corresponding to the turbulent variance of all the
modes of radial order greater than N. From Noll,15 we
have

�Noll
2 � 0.458(N � 1)�5�3(D � r0)

5�3, (21)

where r0 is the Fried parameter. Thus, if we denote
SRHSH � exp���HSH1

2 � and SRSH � exp���SH
2 � by using

Eqs. (19)–(21) and (12), we can obtain

SRHSH � exp�ln(SRSH) � �Noll
2

gain
� �Noll

2 
. (22)

For the case of large and ELTs, it is clear from Eq.
(21) that when the diameter of the telescope in-
creases, one should increase the number of subaper-
tures of the SH. Therefore the HSH becomes more
powerful when the telescope diameter increases. For
example, in the case of the European Southern Ob-
servatory’s 100-m-diameter Overwhelmingly Large
(OWL) Telescope,6,16,17 a typical number of subaper-
tures for a SH used in such a system should be N
� 100. We plot in Fig. 9 the behavior of SHHSH with
respect to SRSH in the case of D�r0 � 100 and N
� 100. We consider for the numerical application the
more conservative photon noise case. In this config-
uration, �Noll

2 � 0.45 rad2 and the maximum SR that
one can expect is therefore SRmax � 63%. We obtain
an improvement in the SR of 12% at a SR of 20% and
of 5% at a SR of 50%.

An XAO system must achieve a high Strehl perfor-
mance. Therefore it is necessary to choose a high N to
sense the high-order modes.18–20 We consider the
case of an XAO system that adopts a SH of 40 � 40
subapertures on a 8-m class telescope. We plot in Fig.
10 the behavior of SRHSH with respect to SRSH in the
case of D�r0 � 8 and N � 40. Once again, we consider
the conservative case of photon noise-limited mea-
surement. In this case, �Noll

2 � 0.03, and the maxi-
mum SR that one can obtain is therefore SRmax

Fig. 7. Evolution of the optimal value of a1 versus N for a HSH1.
RON case. Note that N1 is optimized as above.

Fig. 8. Gain of a HSH1 with respect to a classical SH versus N.
RON case. N1 is optimized.

Fig. 9. Behavior of SRHSH � SRSH with respect to SRSH when
D�r0 � 100 and N � 100.
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� 0.97. We obtain an improvement of SR of 5% for a
SR of 80% and of 2.5% for a SR of 90%, which repre-
sents a useful improvement in the case of XAO.

5. Discussion and Perspectives

We have made the assumption throughout that the
images formed by each SH subaperture are diffrac-
tion limited. In most cases, it is not the case in open
loop for the WFS with the largest subapertures. In
fact, the larger subaperture spots start to reduce in
size only after the AO correction system is turned on
and starts to converge to optimum correction. The
large subaperture spot sizes are therefore actively
reduced to arrive at the diffraction limit. The
diffraction-limited measurement hypothesis makes
the assumption that the loop is closed. It is in this
closed-loop regime that the HWFS has an advantage
over the classical WFS. This does not hold in the
bootstrap period just after the loop is closed and be-
fore the subaperture spots achieve the diffraction-
limited regime. This behavior is similar to the
behavior of the pyramid WFS.14,21 Simulating a full
AO system with a HWFS, including a study of the
appropriate control law and of noise propagation,
would be of interest for further studies.

The behavior of the gain when the order k of the
HWFS increases for a given N is still to be studied. In
addition, one could investigate what happens when
the beam splitter is not perfect. By use of more WFSs,
hence more beam splitters, the photon loss starts to
become significant. There should be an optimal order
k for a given N that depends on the quality of the
beam splitter.

In this study each WFS used in the HWFS is ded-
icated to the estimation of a certain range of radial
orders. We have noted already that each WFS is sen-
sitive to the low orders and could participate in their
estimation. The estimation of those modes would
then become a weighted average of the estimations
obtained by each WFS. This would increase the per-
formance of a HWFS.

6. Conclusion

We have proposed a new wave-front sensing ap-
proach that can be seen as a generalization of the
Shack–Hartmann wave-front sensor. Use of several
Shack–Hartmann sensors with different numbers of
subpupils allows a significant gain in terms of vari-
ance of the error. The gain is more important when
the maximum number N of subpupils increases. This
approach could have fruitful applications in the case
of extremely large telescopes and for high-Strehl
adaptive optics.

This research has been partially funded by the Eu-
ropean Research and Training Network Adaptive Op-
tics for Extremely Large Telescopes, contract HPRN-
CT-2000-00147. Thanks are due to Anna Moore for
the reading of the English text and for useful
discussions.
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